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Abstract. In this work we find analytical solutions to the null geodesics in the hyperbolic
topological black hole spacetime of conformal Weyl gravity in an invariant 2-plane given by
the orbits of an azimuthal Killing vector. Exact expressions for the (non-compact) horizons
are found, which depend on the cosmological constant and the coupling constants of conformal
Weyl gravity. The angular motion is examined qualitatively by means of an effective potential;
quantitatively, the equation of motion is solved in terms of the ℘-Weierstraß elliptic function.
Thus, we find the deflection angle for photons without using any approximation, which is a
novel result for this topology.
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1 Introduction: Conformal Weyl gravity and null geodesics
Conformal Weyl gravity (CWG) [1–4] corresponds to a fourth order theory in which the
spacetime geometry is invariant under the local change
gµν(x)→ Ω2(x) gµν(x), (1.1)
where Ω(x) is any smooth strictly positive function. The restrictive conformal invariance
then leads to the unique action
IW = −α
∫
d4x
√−g CλµνκCλµνκ = −2α
∫
d4x
√−g
[
RµκR
µκ − 1
3
R2
]
, (1.2)
where α is the dimensionless gravitational coupling constant, and Cλµνκ is the conformal
Weyl tensor given by
Cλµνκ = Rλµνκ − 1
2
(gλνRµκ − gλκRµν − gµνRλκ + gµκRλν) + 1
6
R(gλνgµκ − gλκgµν). (1.3)
Note that the action (1.2) naturally appears as the difference between a Weyl–squared term
and the Gauss–Bonnet invariant in 3+1 dimensions. Although the Gauss–Bonnet term is a
topological invariant in that case, its addition is far from trivial, since one can prove that
this is equivalent to the renormalization program in the context of AdS / CFT [5].
The gravitational field equations associated to the action (1.2) are given by
√−g gµα gνβ δIW
δgαβ
= −2αWµν = −1
2
Tµν , (1.4)
where Tµν is the stress–energy tensor, and Wµν is the Bach tensor given by
Wµν = 2C
α β
µν ;βα + C
α β
µν Rαβ. (1.5)
An exact vacuum solution to the field equations (1.4) is given, up to a conformal factor
and in the usual Schwarzschild coordinates (t˜, r˜,Θ,Φ), by the static spherically symmetric
metric [6–10]
ds˜2 = −B(r˜) dt˜2 + dr˜
2
B(r˜)
+ r˜2 dΩ2, (1.6)
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where dΩ2 = dΘ2+sin2ΘdΦ2 is the standard metric on the 2–sphere, and the lapse function
is
B(r˜) = 1− (2− 3M γ˜)M
r˜
− 3M γ˜ + γ˜r˜ − kr˜2. (1.7)
Here M is the central mass, k = Λ/3 is the cosmological constant and γ˜ is the Weyl
parameter, which can be related to the interior dynamics of the static source of interest and
the properties of the background geometry. A great deal of investigation has taken place
in conformal gravity. For example, the treatment of bending of light from various points of
view can be found in [11–18], while the gravitomagnetic and Sagnac effects are investiged in
[19] and [20], respectively. Black hole solutions with other properties such as electric charge,
angular momentum and non-trivial topology are found in [21–25], and also a general class
of wormhole geometries in CWG is analyzed in [26]. On the other hand, some cosmological
implications have been studied in the literature, see for example [27–31], whereas some studies
investigating finite mass distributions such as stars may be found in [32, 33]. An study of
the motion of massless particles in the exterior space-time of a toroidal topological black hole
can be found in [34].
Study of the motion of test particles can be obtained using the standard Lagrange
procedure [35–43], which makes it possible to associate a Lagrangian L with the metric and
then obtain the equation of motion from Lagrange’s equations
Π˙q − ∂L
∂q
= 0, (1.8)
where Πq = ∂L/∂q˙ are the conjugate momenta to the coordinate q, and the dot denotes a
derivative with respect to the affine parameter τ along the geodesic. In the next sections,
following the procedure performed by Klemm [22] and taking into account that the metric
(1.6), we perform an analytical continuation to obtain a non-trivial topology associated with
black holes in CWG, and then we study the null geodesics on these manifolds.
Finally, as we can see from the metric (1.6)–(1.7), in this work we will use geometrized
units (G = 1 and c = 1), so the parameters have the typical values k ≈ 4.1× 10−20 pc−2 and
γ˜ ≈ 3.1 × 10−10 pc−1.
2 Hyperbolic topological black hole spacetime in conformal Weyl gravity
In order to obtain a class of topological black hole solutions, we perform the analytical
continuation suggested by [22]:
ds˜→ ds
M
, k →M2 k, γ˜ → iMγ, M → −i
M
, t˜→ i t
M
, r˜ → i r
M
, Φ→ φ, Θ→ i θ, (2.1)
so Eqs. (1.6)–(1.7) yield to
ds2 = −B(r) dt2 + dr
2
B(r)
+ r2(dθ2 + sinh2 θ dφ2), (2.2)
B(r) = −1− (2− 3γ)
r
+ 3γ + γr − kr2, (2.3)
and the Lagrangian reads
L = 1
2
B(r) t˙2 +
r˙2
2B(r)
+
r2
2
(θ˙2 + sinh2 θ φ˙2). (2.4)
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Clearly, the metric induced on the spacelike surface of constants t and r is the standard metric
of hyperbolic 2-space H2, dσ2 = r2(dθ2+sinh2 θ dφ2), which has a constant negative curvature
and is not compact. In [22] the (θ, φ)–sector is compactified by acting with an appropriate
discrete subgroup G of the isometry group SO(2; 1) of H2, to form the compact quotient space
H
2/G. Upon demanding an orientable manifold, this space becomes a Riemann surface Sg
of genus g > 1, and the topology of the four-dimensional manifold is R2 × Sg (the details
of the compactification procedure are given in [44]). In this work we will not apply this
compactification procedure, but will instead consider the non-compact hyperbolic 2-space H2.
The spatial slices of the event horizon in this solution are therefore non-compact hyperbolic
spaces, and the solution may be considered an exotic type of black membrane.
As discussed in [22], additional parameter choices may be made to construct black hole
spacetimes with non-trivial topology: i) Setting γ = 0 and k = Λ/3 < 0, where Λ is the
cosmological constant, one recovers the uncharged, static topological black hole solutions in
AdS gravity. ii) We may set k = 0, yielding a solution which is not asymptotically AdS. iii)
For k > 0, γ > 0 and γe < γ < 2/3 the spacetime has a black hole interpretation, γ = γe
yielding an extreme black hole, where γ2e (1−γe)/(2−3γe)2 = k. On the other hand, it is not
hard to show that the scalar curvature R diverges at r = 0 so we have a curvature singularity
at the origin. In addition, R vanishes for r → ∞ if k = 0, although the manifold is not
Ricci-flat at infinity and therefore is not asymptotically Minkowski space. For this value of
k the manifold is globally hyperbolic, which is not the case for AdS black holes, see [22].
From the hyperbolic lapse function (2.3), it is possible to construct the cubic polynomial
p3(r) = −rB(r)
k
= r3 − γ
k
r2 +
(1− 3γ)
k
r +
(2− 3γ)
k
, (2.5)
which gives us the locations of the horizons (if there are any). In fact, defining rw = γ/3k
and then making the change of variable:
r = x+ rw, (2.6)
we write the cubic polynomial in its canonical form
p3(x) = x
3 − η2 x− η3, (2.7)
where the coefficients are given by
η2 = 3 r
2
w + 9 rw −
1
k
, (2.8)
η3 = 2 r
3
w + 9 r
2
w +
(
9− 1
k
)
rw − 2
k
. (2.9)
Obviously, the nature of the coefficients depends on the combination of the pair (γ, k). In
Fig. 1 three different regions appear with the possible choice of the sign of η2 and η3 on
the k-γ plane. In the region between γ = 0 and η2 = 0, the roots of the polynomial p3(x)
satisfy the equation x3 + |η2|x + |η3| = 0, so there is no real solution for x > 0, and thus
we dismiss this case. On the other hand, one may obtain information about the roots from
the cubic discriminant ∆c = 27η
2
3 − 4η32 . Thus, if ∆c < 0, there is one real negative root
and a complex pair of roots, representing a naked singularity; if ∆c > 0, there are three
different real roots, two positive and one negative, which looks similar to the SdS spacetime
with an event and cosmological horizons. Finally, if ∆c = 0, there are three real roots, one
– 3 –
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Figure 1. This region plot shows the sign of the cubic parameters of the polynomial (2.7), η2 and
η3, on the k-γ plane. The region in which η2 < 0 and η3 < 0 does not allow a real solution to the
equation p3(x) = 0.
negative and a degenerate positive root, representing the extreme case. Thus, for example, if
we assume that γ is small, then the coefficient η3 is negative, and therefore the discriminant
of the polynomial is positive, ∆c > 0.
Denoting
R =
√
|η2|
3
, ϕ =
1
3
arccos
( η3
R3
)
, (2.10)
we can find the expression for the event horizon, r+, the cosmological horizon, r++, and the
negative root (without physical meaning), rn. They take the form
r+ = rw +
R
2
(cosϕ−
√
3 sinϕ), (2.11)
r++ = rw +R cosϕ, (2.12)
rn = rw − R
2
(cosϕ+
√
3 sinϕ). (2.13)
Conversely, the (non-compact) hyperbolic metric (2.2) admits the following Killing vec-
tor fields [45]:
• the time-like Killing vector ξ = ∂t is related to the stationarity of the metric. The
conserved quantity is given by
gµν ξ
µ uν = −B(r) t˙ = −
√
E (2.14)
where E is a constant of the motion that cannot be associated with the total energy of
the test particle because this metric is not asymptotically flat.
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• the most general space-like Killing vector is given by
~ξ = (A cosφ+B sinφ) ∂θ + [C − coth θ (A cosφ+B sinφ)] ∂φ, (2.15)
where A, B and C are arbitrary constants. It is easy to see that this is a linear
combination of the three Killing vectors
χ1 = ∂φ, χ2 = − coth θ sinφ∂φ + cosφ∂θ, χ3 = coth θ cosφ∂φ + sinφ∂θ,
which are the angular momentum operators for this spacetime. The conserved quanti-
ties are given by
gαβ χ
α
1 u
β = r2 sinh2 θ φ˙ = L1, (2.16)
gαβ χ
α
2 u
β = r2 (cosφ θ˙ − sinh θ cosh θ sinφ φ˙) = L2, (2.17)
gαβ χ
α
3 u
β = r2 (sinφ θ˙ + sinh θ cosh θ cosφ φ˙) = L3, (2.18)
where L1, L2 and L3 are constants associated with the angular momentum of the
particles. Thus, from Eqs. (2.16–2.18), it is easy to demonstrate that
J2
r4
≡ (L
2
2 + L
2
3)− L21
r4
= θ˙2 + sinh2 θφ˙2. (2.19)
We now focus our attention, without loss of generality, on the invariant 2-plane θ =
arcsinh(1), so θ˙ = 0, and therefore Eq. (2.19) reduces to
φ˙ =
J
r2
. (2.20)
Using Eqs. (2.14) and (2.20), and taking into account that the Lagrangian associated
with the motion of photons is null, L = 0, it is easy to obtain the radial equation of motion
r˙2 = E − V (r), (2.21)
where V (r) is the effective potential which satisfies the relation
V (r)
E
≡ V(r) = b2 B(r)
r2
, (2.22)
and b = J/
√
E is the impact parameter. This last point is relevant for the radial motion,
since V (r) ∝ b2 = 0; the familiar and well studied relation r˙ = ±√E is recovered. In its
essence, the motion presents the same features known in other spacetimes (see for example
[35–37]). On the other hand, by combining Eqs. (2.20) and (2.21), we obtain the radial–polar
equation (
dr
dφ
)2
=
r4
b2
[1− V(r)] . (2.23)
In Fig.2 we have plotted the conformal effective potential (per unit of b2) as a function of the
radial coordinate, for a fixed value of the cosmological parameter k = 0.05. The evolution of
the curves was made in terms of the Weyl parameter γ. Thus, as with Einstein’s black hole,
the position of the maximum rm is independent of k and is thus only a function of γ:
rm = 3
(
γc
γ
− 1
)
, (2.24)
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Figure 2. Left panel: Evolution of the conformal effective potential, per unit of b2, for photons in
Weyl’s gravity as a function of the Weyl parameter γ with a fixed value of the cosmological parameter
k = 0.05. The upper dashed line corresponds to the curve with γ = γc while the lower dashed line
corresponds to the extreme topological black hole, for which the relation Vm = 0 is satisfied. Right
panel: Typical effective potential with three general regions for the motion of photons: deflection
zone, in which the impact parameter poses a value between [bc < b ≡ bd < ∞], asymptotic zone, in
which the impact parameter has the value b = bc, and a capture zone in which the impact parameter
has a value between [0 < b ≡ bf < bc].
where γc = 2/3. At this point the impact parameter assumes the critical value
bc =
1√
kext − k
, (2.25)
where kext = (1 − γ)/r2m. In the same figure, the upper dashed line represents the effective
potential for γc, which implies that rm = 0 and V (rm) ≡ Vm → ∞, whereas on the lower
dashed line the relation k = kext is satisfied, which represents the extreme case for which
Vm = 0. Note that the latter condition implies that bc → ∞. With this in mind, we focus
our attention on the family of potentials that lie between these two well defined curves. The
next subsection is devoted to analyzing the effective potential qualitatively in terms of the
impact parameter.
2.1 Allowed orbits
As we have mentioned, under the assumption that γ < γc and k < kext, massless particles can
perform different kinds of orbits, which depend on their impact parameter. In this way, based
on the classification of b shown in the left panel of Figure 2, we present a brief qualitative
description of the angular motions permitted for photons in the chosen invariant 2-plane of
the non-compact hyperbolic topological black hole spacetimes in conformal Weyl gravity.
• Unbounded trajectories (capture zone): If 0 < b ≡ bf < bc, the incident photons fall
inexorably to one of the two horizons, depending on the initial conditions placed on
their velocity. The cross section, σ, in this geometry is [43]
σ = π b2c =
π
kext − k . (2.26)
• Critical trajectories: If b = bc, photons can stay in the unstable inner circular orbit of
radius rm. Therefore, the photons that arrive from the initial distance ri (r+ < ri < rm,
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or rm < ri < r++) can asymptotically fall to a circle of radius rm. The proper period
in such an orbit is given by
Tτ =
2π r2m
J
=
18π
J
(
γc
γ
− 1
)2
, (2.27)
which is independent of k, whereas the coordinate period depends on k and γ as
Tt = 2π bc =
2π√
kext − k
. (2.28)
• Deflection Zone. If bc < b = bd < ∞, the photons come from a finite distance ri
(r+ < ri < rm for orbits of the first kind or rm < ri < r++ for orbits of the second
kind) to a turning point rt (which is the solution to the equation V(rt) = 1), and then
return to one of the two horizons. Therefore, by defining
RW =
γ B2
3
, R¯ =
√
̺2
3
, ζ =
1
3
arccos
√
27̺23
̺32
, (2.29)
where the cubic coefficients are given by
̺2 = 3 γ
2
c B2
[
γ2 B2 + 3
(
3− rm
3 + rm
)]
, (2.30)
and
̺3 = γ
2
c B2
[
γc γ
3 B4 + 6 (3− rm)
(3 + rm)2
B2 − 18 rm
3 + rm
]
, (2.31)
and B is the anomalous impact parameter given by
B = b√
1 + k b2
, (2.32)
these solutions are given explicitly through the following equations:
r1 = RW − R¯
2
(√
3 sin ζ + cos ζ
)
, (2.33)
ra = RW +
R¯
2
(√
3 sin ζ − cos ζ
)
, (2.34)
rd = RW + R¯ cos ζ. (2.35)
Notice that if the condition ̺32 > 27̺
2
3 is assumed, it is not difficult to show that the
preceding solutions satisfy r1 < 0 < ra < rd. Also note that, as has been pointed out
by Cruz et al. [36], since k is very small, only when b ∼ k−1/2 is the net effect of B
relevant in (2.32). Also, if the product k b2 ≫ 1 (or b→∞), then B ∼ k−1/2 in such a
way that ̺2 → η2 and ̺3 → η3 (cf. Eqs. (2.8)–(2.30) and Eqs. (2.9)–(2.31)). Therefore,
as expected, the identities ra(∞, γ, k) = r+ and rd(∞, γ, k) = r++ can be proven in a
few steps [17].
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In order to obtain the analytical expression for the orbit in which the photons are
moving, we perform an integration of Eq. (2.23), resulting in
r(φ) = |x1| ± 1
4℘(κφ; g2, g3)− α1/3 , if bc < b <∞, (2.36)
r(φ) =
1
4℘(κφ + ω0; g2, g3)− α1/3 , if 0 < b ≤ bc, (2.37)
where ℘(x; g2, g3) is the ℘-Weierstraß elliptic function, whose Weierstraß invariants are given
by
g2 =
1
4
(
α21
3
− β21
)
, g3 =
1
16
(
α1β
2
1
3
− 2
27
α31 − γ31
)
, (2.38)
whereas the constants appearing in Eqs. (2.36-2.38) are given explicitly by
κ =
√
x1 x2 x3
B , α1 =
1
x1
+
1
x2
+
1
x3
β1 =
[
1
x1 x2
+
1
x1 x3
+
1
x2 x3
]1/2
, γ1 =
1
[x1 x2 x3]1/3
.
Also, the plus and minus sign in Eq. (2.36) correspond to orbits of the first kind (r ≥ rd)
and orbits of the second kind (r ≤ ra), respectively (see right panel of Fig. 2), and the values
of xj (j = 1, 2, 3) depend on the region where the motion occurs as well as the type of orbit.
Table 2.1 summarizes the values used in Equations (2.36) and (2.37), which depend on the
value of the impact parameter, whereas in Fig. 3 the trajectories obtained from Equation
(2.37) are shown, i.e., for photons with b ≤ bc.
Table 1. Quantities used in Eqs. (2.36) and (2.37) to obtain the trajectories of the photons in the
exterior geometry of a non-compact hyperbolic topological black hole spacetime in conformal Weyl
gravity.
Type of orbit Range for r Range for b x1 x2 x3 ω
First kind r > rd bc < b <∞ rd rd − ra rd − r1 –
Second kind r < ra bc < b <∞ −ra rd − ra −(ra − r1) –
Critical FK r > rm b = bc r1 −rd −ra ℘−1(α112 )
Critical SK r < rm b = bc r1 −rd −ra 0
Unbounded r > r+ 0 < b < bc r1 −rd −ra 0
2.2 Bending of light
As an application of the preceding section, specifically of the polar equation (2.36) for the
photon orbit of the first kind, it is possible to study how this is deflected due to presence
of the non-compact black hole, whose singularity, for the sake of simplicity, is placed at the
origin of a coordinate system O. Therefore, in order to obtain a full description, we employ
the exact method outlined by Villanueva & Olivares [17] instead of the Rindler–Ishak method
performed in other works [14, 18, 46–48].
Suppose that in t = t0 photons are emitted with impact parameter bc < b < ∞ by a
source placed at (ri, θi) = (r⋆, θ⋆) with respect to O. Therefore, photons travelling in the
– 8 –
Figure 3. Plots referring to Eq. (2.36) in a cut of the φ = π/2-invariant plane of the non-compact
hyperbolic topological Weyl black hole spacetime. LEFT PANEL: Unbounded trajectory for massless
particles with b < bc. The fall to the cosmological horizon or event horizon depends on the initial
direction of their motion. MIDDLE PANEL: Critical trajectory of the first kind, in which ri < rm
and b = bc. Photons can asymptotically fall to a circle of radius rm or fall to the event horizon.
RIGHT PANEL: Critical trajectory of the second kind, in which ri > rm and b = bc. Photons can
asymptotically fall to a circle of radius rm or fall to the cosmological horizon.
exterior spacetime of the non-compact hyperbolic topological black hole are deflected in such
way they reach the turning point rd given by Eq. (2.34), and then are received by an observer
placed at the position (r⊕,−θ⊕) on the manifold (see left-top panel of Fig. 4). Based on
the same plot, it is not difficult to prove that
α̂ = |θ⋆|+ |θ⊕ | − π; (2.39)
therefore, by combining Eq. (2.36) with Eq. (2.39), the deflection angle becomes
α̂ =
1
κ
(∣∣∣∣℘−1 [ 14(r⋆ − rd) + α112
]∣∣∣∣+ ∣∣∣∣℘−1 [ 14(r⊕ − rd) + α112
]∣∣∣∣)− π, (2.40)
where ℘−1 is the inverse ℘-Weierstraß function [49–52]. In the bottom left panel of Fig.
4, the deflection angle as a function of b−2 is plotted, and it shows that there is a special
value at which the deflection angle vanishes. This means that the scattering of photons by
a hyperbolic topological black hole can be attractive or repulsive (with respect to the black
hole), depending on the influence of the event horizon or the cosmological horizon (see top
and bottom right panel of Fig. 4).
3 Summary
In this research, we have studied the null geodesics of a non-compact hyperbolic topological
black hole spacetime in conformal Weyl gravity, the metric of which is given by Eq. (2.3). In
this context, we analyze the existence of the event horizon, r+, and the cosmological horizon,
r++, as a function of the cosmological parameter k, and the Weyl parameter, γ, as shown
in Fig. 1, and we obtain their analytical expression in terms of these parameters. Also, the
Killing vector fields are obtained and the associated four conserved quantities, showing the
stationarity and the rotational invariance of the metric. These symmetries reduce our study
to a unidimensional equivalent problem on an invariant plane, which is chosen to be φ = π/2.
A quick view of the equations of motion show us that the radial motion of photons presents
the same features performed in the standard conformal Weyl gravity [17], and therefore, in
– 9 –
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Figure 4. Gravitational lensing from a non-compact hyperbolic topological black hole in conformal
Weyl gravity. LEFT: Light with impact parameter b from the source S at (r⋆, θ⋆) bends at the lens O
and arrives at the observer T at (r⊕ ,−θ⊕), who then sees the image I; TOP RIGHT: Trajectories for
different values of the impact parameter as observed at T ; BOTTOM RIGHT: The angle of deflection
α̂ as a function of b−2. There is a critical value of the impact parameter b0, for which the deflection
angle vanishes and thus the bending of light can be attractive or repulsive. Also, the deflection angle
approaches infinity as the impact parameter approaches the critical value bc.
the same way as Einstein’s black holes, photons cross the horizons in a finite proper time,
whereas in an external system, the photons fall asymptotically to the horizons.
The angular motion was first studied qualitatively by means of an analysis of the effective
potential as a function of the radial distance for different values of the impact parameter b
(see Fig. 2). Therefore, under the condition γ < γc and k < kext, this analysis shows the
existence of a maximum for which photons with b = bc = (kext − k)−1/2 either fall to one of
the horizons or tend asymptotically to an unstable circular orbit at rm. Also, we note that
the existence of the unstable circular orbit depends on the parameter γ, which is a novel
result because in the standard conformal Weyl gravity this only depends on the mass M
[17]. For this reason, the proper period also depends on the Weyl parameter γ, whereas the
coordinate period, as we expect, depends on γ and k. However, if the value of the impact
parameter is 0 < b < bc, then photons fall inexorably to one of the horizons. Finally, when
the impact parameter is b = bd so bc < bd < ∞, the trajectory is deflected in such a way
that for r ≤ ra then ra corresponds to an apoastron distance, or for r ≥ rd the distance
– 10 –
rd corresponds to a periastron distance. The exact calculation of both distances, ra and rd,
makes it possible to verify that in the limit b → ∞, the consistency relations ra → r+ and
rd → r++ are satisfied.
For the quantitative analysis of the motion, we employ an integration of the general
equation of motion (2.20) in such way that we obtain two general equations for the trajectories
described for the photons: unbounded and critical trajectories (0 < b ≤ bc) are described
by Eq. (2.36) and are shown in Fig. 3, whereas orbits of the first and the second kind are
described by Eq.(2.37), in which case the orbits are bounded.
As an application of our previous results, we obtain an exact expression in terms of the
inverse ℘-Weierstraß function, for the deflection angle α̂ experienced by photons emitted with
impact parameter bd by a source with coordinates (r⋆, θ⋆) with respect to the black hole
system (which acts as a gravitational lens). The photons are then received by an observer at
(r⊕,−θ⊕) (see left top panel of Fig. 4). One important and interesting result is the physical
type of the deflection experienced by the massless particles. Depending on the value of the
impact parameters this can be either attractive or repulsive with respect to the black hole.
This feature is better appreciated in the bottom left panel of Fig. 4, in which the deflection
angle α̂ vanishes at a specific value of the impact parameter b0.
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